We show the existence of a first curve in the Fučik spectrum with weights for the pLaplacian under mixed boundary conditions. We also study the asymptotic behavior of this first curve.
Introduction
We investigate the following asymmetric elliptic problem:
where Δ p u = div(|∇u| p−2 ∇u) is the p-Laplacian of u with 1 < p < ∞, and λ is a real parameter. Moreover, Ω is a smooth bounded domain in R N , N ≥ 1, whose boundary ∂Ω is made of two disjoint nonempty closed sets Γ 1 and Γ 2 which are smooth manifolds of dimension N − 1, m and n are weights which may be indefinite and unbounded, ∂/∂ν denotes the exterior normal derivative, and u ± = max {±u,0}. The main motivation for considering problem (1.1) arises from the study of the Fučik spectrum. This spectrum is defined as the set Σ of those (α,β) ∈ R 2 such that the problem
has a nontrivial solution u. One recovers the spectrum of (1.1) by taking α = β in (1.2) . Another relation between (1.1) and (1.2) comes from the fact that the line of slope s through the origin of R 2 meets Σ at a point (α,β = sα) if and only if α is an eigenvalue for (1.1) for the weights m and sn.
Of special interest for our purposes is the work in [1] where a study of problems such as (1.1) and (1.2) was carried out in the case of the Dirichlet boundary conditions.
In [1] , the existence of the first nontrivial curve in the Fučik spectrum was derived and some of its properties were established. In particular, it was shown that if both m and n change signs, then Σ contains a first hyperbolic-like curve in each quadrant of R 2 . Moreover, the asymptotic behavior of these first curves was shown to depend on the supports of the weights. The case of the Neumann boundary conditions was considered later in [2] where, contrary to what happened in the Dirichlet case, the asymptotic behavior of the first curve did not depend on the supports of the weights.
Thus, the concern now naturally arises to study the Fučik spectrum under other boundary conditions, particularly the asymptotic behavior of the first curve. Our purpose in this work is to investigate a case which is somehow intermediate between Dirichlet's and Neumann's, that is, the case of the classical "mixed" boundary conditions. While trying to adapt the approach in [1, 2] to the present situation, new difficulties arise in connection with the lack of regularity of the eigenfunctions. It is well known that weak solutions of degenerate elliptic quasilinear equations, more generally the one considered here, under Dirichlet or Neumann boundary conditions are essentially bounded in Ω and at least of class C α loc (Ω) (cf. [3] [4] [5] [6] [7] ). A little more regularity result is gained when the weights are bounded. In fact, the results in [6] [7] [8] imply that solutions of (1.1) under Dirichlet or Neumann boundary conditions for m and n bounded are at least of class C 1,α (Ω).
In the case of mixed boundary conditions considered here, one can easily adapt the above regularity results and derives that any solution of (1.1) (or (1.2)) is also of class C α loc and is essentially bounded. However, to our knowledge, there is no result stating a C 1,α (Ω) regularity when the weights are bounded.
As in [1] , we will construct a positive nonprincipal eigenvalue for (1.1) by applying a version of the mountain pass theorem to the functional Ω |∇u| p restricted to the C 1 manifold:
where the space E(Ω) will be specified later. In Section 4, we show that the eigenvalue constructed in Section 3 is the first eigenvalue of (1.1) which is greater than λ 1 (m) and λ 1 (n) (where λ 1 (m), resp., λ 1 (n), is the positive principal eigenvalue of p-Laplacian with weight m, resp., n, under the above mixed boundary conditions). Some of the properties of this distinguished eigenvalue are also briefly indicated. In Section 5, we study the Fučik spectrum. We show in particular that if m and n both change signs in Ω, then each of the four quadrants in the (α,β) plane contains a first nontrivial curve of Σ, which is hyperbolic-like and has a variational characterization. We also study the asymptotic behavior of these first curves. For instance, the first curve in R + × R + is asymptotic to the Let us conclude this introduction with some general definitions related to the (PS) condition. Let E be a real Banach space and let M := {u ∈ E : g(u) = 1}, where g ∈ C 1 (E,R) and 1 is a regular value of g. Let f ∈ C 1 (E,R) and consider the restriction f of f to M. The functional f is said to satisfy the (PS) condition on M if for any sequence, u k ∈ M such that f (u k ) is bounded and f (u k ) * →0. Then, u k admits a converging subsequence. Here, f (u k ) * denotes the norm of the restriction of f (u) to the tangent space T u M := {v ∈ E : g (u),v = 0}, where , is the pairing between E and its dual.
Preliminaries
Throughout this paper, Ω will be a smooth bounded domain in R N , N ≥ 1, with ∂Ω = Γ 1 ∪ Γ 2 , where Γ 1 and Γ 2 are two closed disjoint nonempty sets which are smooth manifolds of dimension N − 1. The weights m,n will be assumed to belong to L r (Ω) with r > N/p if N ≥ p and r = 1 if p > N. We also assume, unless otherwise stated, that
We will work in the space E(Ω) which is defined as
Using the regularity of Ω, one can show that ( Ω |∇u| p ) 1/p is a norm on E(Ω) which is equivalent to the W 1,p (Ω) norm (cf. [9] [10] [11] ). Solutions of (1.1) are always understood in the weak sense, that is, u ∈ E(Ω) with the property
We will denote by
the positive principal eigenvalue of the p-Laplacian with weight m under the above mixed boundary conditions. Arguing as in the Dirichlet and Neumann cases (see, e.g., [12] [13] [14] for bounded weights and [15] [16] [17] 
Construction of a nontrivial eigenvalue
In this section, we look for eigenvalues λ of (1.1) with λ > 0. Clearly, (1.1) with λ > 0 has a nontrivial solution u which does not change sign if and only if λ = λ 1 (m) or λ = λ 1 (n). Moreover, choosing u + and u − as test functions in (2.3), one easily sees that if (1.1) with λ > 0 has a solution which changes sign, then λ > max {λ 1 (m),λ 1 (n)}. Looking for such a solution which changes sign is our purpose in this section. Note that condition (2.1) is necessary for (1.1) with λ > 0 to have a solution which changes sign.
We will use a variational approach and consider the functionals
which are C 1 functionals on E(Ω). We are interested in the critical points of the restriction A of A to the manifold:
Note that 1 is a regular value of B m,n and ϕ m ,−ϕ n ∈ M m,n . Using (2.1), one can construct
By Lagrange's multiplier rule, u ∈ M m,n is a critical point of A if and only if there exists λ ∈ R such that A (u) = λB m,n (u), that is,
for all v ∈ E(Ω). This means that u is a solution of (1.1) in the sense of (2.3). Moreover, taking v = u in (3.3), one sees that the Lagrange multiplier λ is equal to the critical value A(u). So, problem (1.1) is transformed into the problem of finding critical points and critical values of A.
The following proposition can be proved by a simple adaptation of the arguments in [1] .
(ii) ϕ m and −ϕ n are strict local minima of A, with λ 1 (m) or λ 1 (n) as corresponding critical values. 
Some properties of c(m,n)
In this section, we study the dependence of c(m,n) with respect to the weights m and n; namely, continuity, monotonicity, and homogeneity properties will be discussed. We start by modifying a little bit the variational characterization (3.4) of c(m,n) in order to allow a larger family of paths, which in addition depends a little less on the weights. The proof of the following proposition is similar to that of [1, Proposition 21] .
where
The following proposition gives some properties of the eigenvalue c(m,n) and can be proved by simple adaptations of arguments in [1] . 
Fučik spectrum with weights
Let m,n ∈ L r (Ω) with r > N/p if N ≥ p and r = 1 if p > N. Unless otherwise stated, we also assume (2.1). The Fučik spectrum Σ = Σ(m,n) clearly contains the lines λ 1 (m) × R and R × λ 1 (n), and also, if m − ≡ 0 (resp., n − ≡ 0), λ −1 (m) × R (resp., R × λ −1 (n)). These lines are in fact exactly made of those (α,β) ∈ Σ for which (1.2) admits a solution which does not change sign. We denote below by Σ * = Σ * (m,n) the set Σ minus those trivial lines. Let us start by looking at the part of Σ * which lies in R + × R + . From the properties of the first eigenvalue recalled in Section 2, it follows that if (α,β) ∈ Σ * ∩ (R + × R + ), then α > λ 1 (m) and β > λ 1 (n). 
Moreover, the first point in this intersection is given by α(s)=c(m,sn), β(s)=sα(s)=c(m/s,n), where c(·,·) is defined in (3.4).
Proof. It is an easy consequence of Proposition 3.1 (cf. (v) and (vi)).
Letting s > 0 vary, we get a first curve Ꮿ :
Here are some properties of this curve. We now investigate the asymptotic values α ∞ := lim s→+∞ α(s) and β ∞ := lim s→0 β(s) of the first curve Ꮿ. We will limit ourselves below to the study of α ∞ . One has a similar result for the asymptotic value β ∞ by interchanging the roles of m and n.
The following proposition is the main result of this section.
Proof. The proof borrows ideas from [1] , but new difficulties arise here in connection with the boundary conditions. We start by introducing
and show that α ∞ = α. The proof of this equality is a direct adaptation of [1] . Clearly, α ≥ λ 1 (m). One first considers the case N ≥ p. Adapting the arguments of [1] , one easily obtains α = λ 1 (m).
We now consider the case where p > N and the fact that the support of n + intersects Γ 1 .
For > 0 sufficiently small, let us take a nonempty neighborhood of Γ 1 , denoted by the set
such that
is a smooth bounded domain. On Ω ε , we consider the boundary conditions of Neumann on Γ 2 and those of Dirichlet on ∂ Ω \ Γ 2 . We denote by λ 1 (m, Ω ε ) the corresponding 
which is a contradiction since u k is admissible in definition (5.1) of α.
Remark 5.4.
If ϕ m ∈ C 1 (Ω), the assumptions of Proposition 5.3(ii) can be weakened and this proposition can be stated as follows.
Proof. The proof of (i) is similar to the corresponding part in Proposition 5.3. The proof of (ii) can be simplified since ϕ m ∈ C 1 (Ω). In fact, from the maximum principle of Vázquez (cf. [19] ), one deduces that ϕ m (x) > 0 for all
Hence, one can use the same arguments as in the proof of Proposition 5.3.
We finally observe that the distribution of Σ * in the other quadrants of R × R can be studied in a way similar to that of [1] . The figures illustrate the result of Proposition 5.3. In Figure 5 .1(b), α −1 is defined by
and β and β −1 are deduced from (5.1) and (5.5) by interchanging the roles of the weights m and n.
The spectra in dimension 1
In this section, we give a full description of the classical spectrum and the Fučik spectrum Σ = Σ(1,1) in case of dimension 1. In particular, the first curve in Σ(1,1) has been clearly specified. 
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where Φ p (x) = |x| p−2 x and 1 < p < +∞. It is well known (cf. [20] ) that any weak solution of (6.1) belongs to C 1 ([0,π]). Thus, by a solution of (6.1), we mean a function u ∈ C 1 ([0,π]) such that Φ p (u ) is continuously differentiable in [0,π] and satisfies (6.1).
When α = β = λ in (6.1), one recovers the classical eigenvalue problem
As in Section 2, we look for eigenvalues and nontrivial solutions of (6.1) and (6.2).
The following result gives the description of the spectrum of (6.2).
Theorem 6.1. (i) The eigenvalues of (6.2) are of the form
3)
L. Leadi and A. Marcos 9 (ii) The eigenfunctions associated to λ k,p , k ≥ 0, are the constant multiples of 
It is well known (cf. [22] ) that the function v is π p -periodic and is the unique solution of the equation in (6.2), satisfying the initial value conditions v(0) = 0 and v (0) = 1. Moreover, any nontrivial solution u of (6.2) is such that u (0) =0 (cf. [20] ) and accordingly u should be of the form 6) with λ ∈ R * to be specified with respect to the second boundary condition u (π) = 0. To go further, let us consider the well known beta function defined by
Since it verifies β(z,1 − z) = π/ sin(πz), one deduces from the definition of π p that
[ (using the definition of π p ). Thus, one deduces from (6.5) that
On the other hand, one has (6.10) and the derivative function y is also π p -periodic. By solving y (s) = 0, one has
Hence,
Using (6.12) and the fact that 
(6.14)
One derives from Theorem 6.1 that the first eigenvalue is defined by 15) and the spectrum of the p-Laplacian (with mixed boundary conditions) is defined by the sequence
The following theorem gives the full description of the Fučik Σ = Σ(1,1). Proof of Theorem 6.3. Let us define the functions u i ,i = 1,2, by
Extending these functions by symmetry and by (α −1/ p + β −1/ p )π p -periodicity, one gets functions u i defined on ]0,π[ which verify (6.1). Hence, the conclusion follows by using the fact that u i (0) = u i (π) = 0.
Corollary 6.5. A first curve Ꮿ 1 in the Fučik spectrum Σ = Σ(1,1) of (6.1) is defined by (see Figure 6 .1)
The asymptotic values here are
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